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Introduction
Incremental sheet forming (ISF) is a flexible process in which a sheet of metal is formed by a progression of localised deformation. It is flexible because specialised tooling is not required; a simple tool moves over the surface of the sheet such that a highly localised plastic deformation is caused. Hence a wide range of 3D shapes can be formed by moving the tool along a correctly designed path. The principle goal which motivates the development of ISF is the possibility of forming sheet metal without the need to manufacture specialised dies. This is particularly advantageous for small batch or customised production. In addition, ISF has been shown to give increased forming limits in comparison to pressing. It is these advantages and a growing interest in manufacturing for customisation that has fuelled academic and industrial research in ISF over the last decade. Variations of ISF have long been practiced in small workshops and private enterprises, and some early concepts of ISF were patented in the USA by Roux * Corresponding author. Tel.: +44 1223 764628; fax: +44 1223 338076.
E-mail address: kpj21@cam.ac.uk (K. Jackson).
(1960) and Leszak (1967) . Academic research began in the early 1990s in Japan, and more recently has attracted increasing interest in Europe and Canada. A comprehensive review of the development of the process is given by Jeswiet et al. (2005b) . Many variations of ISF have been explored, including the use of a water jet, a combination of water and shot, rollers and a vibrating hammering tool, but by far the most widely used tool is a solid hemispherical indenter. The two most common configurations of ISF are single-point incremental forming (SPIF) and two-point incremental forming (TPIF). In SPIF the sheet is formed with a single indenter whilst clamped around its edges, whereas in TPIF the sheet is formed against a male or female die, a support post or a second mobile indenter. In both cases the most common tool paths are contours or spirals of increasing depth, following the profile of the product.
Despite extensive research in ISF over the last decade, the deformation mechanism is not fully understood. An understanding of the deformation mechanism is important to allow accurate numerical models of the process to be developed for 0924-0136/$ -see front matter © 2008 Elsevier B.V. All rights reserved. doi:10.1016/j.jmatprotec.2008.03.025 tool path design and process control, and to develop an understanding of the increased forming limits observed in ISF in comparison to pressing. A review of the previous numerical and experimental work on the deformation mechanics and the limitations of this work are given in Section 2, leading to a definition of the scope of the current work.
Review
Previous research into the deformation mechanics has focused on two approaches: experimental measurement of strains and displacements of the surfaces of sheets; and the use of the finite element (FE) method for prediction of strains through the thickness. Although this work has provided valuable insights, the work is limited and sometimes contradictory, and hence the deformation is not fully understood.
Measurements and numerical simulations of both SPIF and TPIF have shown that, for a conventional spiral tool path along straight or gently curved sides, material does not move significantly in the original plane of the undeformed sheet, but moves mainly normal to this plane. Hence, strains on the surface of the sheet are zero or negligible parallel to the tool direction and positive perpendicular to the tool direction, and these directions correspond to the minor and major directions of surface strain, respectively. This was first measured for SPIF of circular and elliptical frustums by Iseki et al. (1993) . Shim and Park (2001) later used a FE analysis to predict that strains are approximately uniaxial along straight sides formed by SPIF, and Kim and Park (2002) predicted a similar result for an indenter moving back and forth along a straight line. The same result was later measured experimentally by Park and Kim (2003) for pyramids formed by both SPIF and TPIF with a central support post. Near to uniaxial strains have subsequently been measured for a straight sided pyramid formed by TPIF by Bambach et al. (2003) , a truncated cone formed by SPIF from various materials by Fratini et al. (2004) , and for various shapes formed by SPIF by Jeswiet and Young (2005) .
Following from the above result, strains on the sheet surface perpendicular to the tool direction (i.e. along the direction of steepest descent on the sheet surface) increase with increasing wall angle. Due to conservation of volume, the result brings about a relationship between the wall thickness after forming (t 1 ) with the wall angle (˛) and the original wall thickness (t 0 ) known as the sine law (Eq. (1)).
The accuracy of the sine law for prediction of wall thickness in SPIF or TPIF has been found to be variable across the profile of a formed product. Matsubara (1994) first found that the sine law gives an accurate prediction of wall thickness at the mid-point of walls of various angles formed by TPIF. A detailed investigation of the accuracy of the sine law across the profile of cones of various wall angles formed by SPIF was carried out by Young and Jeswiet (2004) . They showed that, for a cone of 30 • wall angle formed in 1.21 mm thick Al 3003-O, the wall thickness continually decreases over the first 15-20 mm of the radial direction and then stabilises to a constant value that is slightly less than the sine law prediction for the remainder of the cross-section. It was suggested that this can be likened to an overspinning condition in shear forming, in which the thickness of the product is less than the sine law thickness. Ambrogio et al. (2005) similarly found that, for truncated pyramids of 50 • and 55 • formed by SPIF in 1 mm AA1050-O, the wall thickness is higher than the sine law prediction close to the perimeter of the sheet and approximately 0.2 mm lower than the sine law over the remainder of the profile.
A deformation mechanism that is sometimes associated with ISF but has not been experimentally verified is one of pure shear through the thickness of the sheet with plane strain in the plane parallel to the undeformed sheet. This mechanism is drawn in a cylindrical-polar co-ordinate set (r,z,Â) in Fig. 1a for SPIF and Fig. 1b for TPIF. The mechanism was originally derived from approximation of experimental measurements of shear spinning by Avitzur and Yang (1960) and, in greater detail, by Kalpakcioglu (1961) (Fig. 1c) . Shear spin- ning is a rotary forming process in which a rotating blank is formed against a mandrel to produce a product with a thickness in the axial direction that is equal to the original sheet thickness, as described by Wong et al. (2003) . This mechanism has become associated with ISF over the last 7-10 years without experimental verification because the sine law is generally applicable to both processes. However, applicability of the sine law is not a sufficient reason for the idealised mechanism of shear spinning to occur in ISF. The sine law is applicable for a wide range of alternative mechanisms which are also consistent with the experimental observations of deformation. For example, the sine law applies for pure bending and stretching in the (r,z) plane which requires only minimal displacement of the upper and lower surfaces of the sheet in the plane perpendicular to the tool direction. Kalpakcioglu (1961) described this in his original paper and Emmens (2007) later reiterated it, when he also showed that the principal strains achieved by forming by shear are greater than those achieved by forming by stretching. Furthermore, the idealised mechanism for shear spinning was derived from two approximations made to the real deformation, which was measured from a grid pattern on the cross-section of 0.5 in. (12.7 mm) thick copper plates by Kalpakcioglu (1961) . Firstly, distortion of the plate close to the mandrel surface was neglected such that axial gridlines were approximated as remaining perfectly axial, on the basis that the distorted region was small in comparison to the thickness of the sheet. Secondly, circumferential flow that occurred in the direction of the roller was approximated as plane strain.
In contrast to the idealised deformation mechanism described above, the authors Jackson et al., 2007) have recently shown by experimental measurement that straight vectors adjoining corresponding points on the upper and lower surfaces of sheet formed by SPIF remain almost normal to the surface in the plane perpendicular to the tool direction, suggesting that the deformation in this plane is almost pure bending and stretching. Meanwhile, there is relative movement between corresponding points parallel to the tool direction, indicating that shear occurs in this direction. Consistent with these experimental observations, Sawada et al. (1999) also predicted bending and stretching as opposed to shear in the plane perpendicular to the tool direction for TPIF with a central support post using a simplified 2D numerical model. Conversely, Bambach et al. (2003) used a 3D FE model with four continuum elements over the thickness to predict that shear dominates whilst stretching is also significant in the plane perpendicular to the tool direction in SPIF against a backing plate. The same model predicted that all components of strain are negligible in the direction parallel to tool travel. However, this is not necessarily a contradiction to the experimental measurements of Allwood et al. (2007) because the tool path used by Bambach et al. (2003) alternated in direction. This would tend to cancel out any shear on successive laps as a result of friction, whereas the tool always moved in the same direction in the experiment by Allwood et al. (2007) . Overall, the experiments described above have provided useful insight into the deformation mechanics of ISF. However, the knowledge is limited and sometimes contradictory. In particular, the full profile of deformation through the thickness of the sheet has never been measured experimentally. This would validate numerical models, which have sometimes provided contradictory results to experimental measurements. Furthermore, the deformation mechanisms of SPIF and TPIF have never been clearly distinguished, and there is no reason why they should necessarily be the same. An idealised mechanism of pure shear has sometimes been assumed without consideration of the profile of deformation through the thickness of the sheet, whilst FE results suggest that it does not occur.
Scope of present research
Based on the limitations of the present knowledge of the deformation mechanics of ISF as described above, the aims of this paper are twofold. The first aim is to measure the deformation mechanism resulting from two of the most common forms of ISF (SPIF and TPIF against a full positive die), whilst making a comparison to pressing for an identical geometry. The second aim is to evaluate the accuracy of the sine law for prediction of wall thickness, and to relate the measured thickness to the deformation mechanics.
Methods
To measure the deformation mechanisms of SPIF, TPIF and pressing, a technique similar to that originally used by Kalpakcioglu (1961) based on brazing of gridded plates was used. A grid pattern was machined on to the cross-section of a half-plate which was subsequently brazed to another half-plate then formed before separating by heating. The principal advantage of this technique is that brazing allows a strong and thin joint to be formed which can subsequently be easily destroyed by heating, exposing a distorted grid pattern on the cross-section that is a good representation of the axisymmetric deformation throughout the rest of the material. The material that was formed was copper C101 (melting temperature 1083 • C) because it can be brazed successfully and is soft and ductile enough to be formed by ISF without the brazed joint breaking. The mechanical properties of the material before and after the heating cycle involved in brazing were found by a tensile test, shown in Fig. 2 . This shows that the yield stress of the heat-treated material was lower than the as-received work-hardened sheet as a result of annealing, and that the heat-treated sheet had a high initial rate of work hardening. The elongation is greater in the transverse direction than the rolling direction. However, this is expected to have no influence on the strains measured in the sheet because the sheet is not formed close to failure. A sheet of thickness 3.1-3.3 mm was used because this was sufficiently thick to allow a longitudinal gridline to be machined along the cross-section to indicate the variation of strains through the thickness. A truncated cone of wall angle 30 • was formed in this material using each method. Although 30 • is a shallow wall angle that is likely to be well within the forming limits of the sheets formed by ISF, this angle was chosen because preliminary trials indicated that it was the maximum wall angle at which the brazed joint did not fail in SPIF. The extent to which the results of this experiment are likely to be transferable to other materials, wall angles and sheet thicknesses that are more commonly used in ISF will be evaluated in Section 5.5 of Section 5.
Preparation of sheets
To minimise variation in mechanical properties between the sheets used for SPIF, TPIF and pressing, each plate was cut from a single piece of C101. The three plates of initial size 175 mm × 175 mm were cut in half in the thickness direction. One of the cross-sections of each plate was machined flat and then marked with a 1.5 mm × 1.5 mm grid pattern using a V-shaped cutter of internal angle 90 • . This was achieved accurately using a milling machine by making one longitudinal cut and many intersecting transverse cuts at a spacing of 1.5 mm. The plates were joined back together by brazing such that the gridded surface was on the inside of the brazed joint. Johnson Matthey Silver Flo 55 hard solder (melting point 630-660 • C) was used for brazing to form a hard but ductile joint that could withstand forming without failure. This was purchased as rods of diameter 2 mm which were rolled into a flat and straight strip of width approximately 3 mm and thickness 0.5 mm using small rollers. The strip was then cut to the length of the joint using scissors. The joint and the solder were cleaned with an abrasive and rinsed thoroughly with acetone and water to remove oxidation and grease immediately before applying high temperature flux (activation temperature 750-1000 • C) neatly to the areas to be joined. The wetting of the flux was improved by adding soap. The solder strip and pieces of the copper plate were then carefully aligned and pushed together whilst resting on support blocks above a heat resistant plate. The assembly was then lifted carefully into a furnace that was preheated to the required temperature of 900 • C and left for 20 min. This was sufficient time to fully melt the solder without exhausting the flux. The brazed plate was then removed from the furnace and left to cool in air to avoid disturbance of the joint. Oxidation was then removed from the cooled plate using a bead blaster. The plate used for pressing was cut into a circle of diameter 145 mm using a water jet cutter in order to fit within the die set. The plates used for SPIF and TPIF were left in their original square shape because this was required to fit in the square clamping frame of internal size 140 mm × 140 mm used on the ISF machine.
Forming
A truncated cone with a wall angle of 30 • , outer diameter of 100 mm and inner diameter of 20 mm with a corner radius at the top and bottom of 10 mm was formed in the brazed plates using SPIF, TPIF and pressing. The configurations of tooling for the three forming processes are shown in Fig. 3 . The forming machine which was used for SPIF and TPIF was the specialised rig developed by Allwood et al. (2005) . For SPIF and TPIF, a contour path was used with a vertical pitch between successive laps of 0.5 mm and a tool of radius 7.5 mm. The step-down point between each contour was along a radius at 90 • to the brazed joint, therefore the deformation along the brazed joint should not be affected by the change in speed and direction of the tool at the step-down point. The tool speed was 20 mm/s with an acceleration and deceleration into the stepdown point of 10 mm/s 2 . Lubrication was Castrol Spheerol extreme pressure grease L-EP2. Because the workpiece frame is fixed on the ISF machine, the TPIF shape was formed by raising the positive die from underneath after each lap by turning four leadscrews on a mounted support whilst keeping the vertical position of the indenter constant and increasing the diameter on successive laps. For pressing, the blank holder was a flat ring of width 30 mm and thickness 12 mm, loosely fastened to the female (lower) die by six M8 bolts so the bolt heads just made contact with the blank holder surface. The male and female dies were machined out of mild steel. Sheets of polythene were placed on either side of the blank to reduce friction between the blank and dies or blank holder without using grease. The male die descended slowly into the blank at a rate of approximately 0.03 mm/s using an Avery 1000 kN hydraulic universal testing machine.
Separation of plates and measurement of deformation
After forming, the plates were separated by heating in the furnace to 900 • C for approximately 20 min until the solder had melted. The remains of solder on the gridded surface were removed by heating the plate again with the gridded surface placed against a clean fluxed sacrificial copper plate onto which the solder was drawn. The plates were quenched on removal from the furnace to remove most of the oxidation by differential thermal contraction. The remaining oxidation was then removed with the bead blaster. A schematic diagram of the method, from flat gridded plate to formed and separated plates, is shown in Fig. 4 .
The deformation of the cross-sections was photographed digitally to a high resolution. The intersections of the gridlines and surface points were then measured in three dimensions using an OMICRON co-ordinate measuring machine (CMM) with 10× magnification microscopic eyepiece. The accuracy of the deformation measurements are evaluated in Section 3.5. The thickness was measured across the cross-sections using vernier callipers to an accuracy of ±0.005 mm.
Analysis of deformation
The deformation will be analysed by plotting graphs of geometry, engineering strains and thickness variation for the copper plates. It is important to note that, because it is only possible to take measurements of geometry before forming and after forming, only strains at the end of the process can be calculated; the evolution of strains throughout the process cannot be found. Hence, the results of this experiment cannot be used to validate the step-wise evolution of strains that has been previously predicted by FE models such as by Bambach et al. (2003) . Furthermore, it is unlikely that the final strains at any point are the result of proportional growth of strain throughout the process. The strains are simply a representation of final geometry in comparison to initial geometry. Deformation, engineering strains and thickness are plotted against global axes (r,Â,z). The strains are calculated in a local co-ordinate set (1,2,3). The right-handed global co-ordinate set (r,Â,z) is defined such that r is radial in the plane of the undeformed sheet and perpendicular to the tool direction, Â is circumferential in the plane of the undeformed sheet and parallel to the tool direction, and z is axial and perpendicular to the plane of the undeformed sheet. The origin of the global co-ordinate set is in the centre of the top surface of the plate before deformation, as shown in Fig. 5 . The right-handed local co-ordinate set (1,2,3) is defined such that the 1-direction is parallel to a projection of the longitudinal gridlines in the r-z plane, the 2-direction is parallel to the Â-direction and the 3-direction is perpendicular to the 1-direction in the r-z plane, as illustrated in Fig. 5 . Strains were calculated over one half of the cross-sections, which is highlighted in Fig. 5 .
Strains have been calculated from the relative movement before and after deformation of the points of intersection of the gridlines in the local co-ordinate set as shown in Fig. 6 . Engineering strains perpendicular to the tool direction, ε 11 , were found from the ratio of extension to original length of the longitudinal gridlines projected into the 1-direction (Eq. (2)). Strain ε 11 is plotted against r as the average of ε 11 at each of the lower, middle and upper surfaces of the grid pattern. This is because there is negligible variation of ε 11 through the thickness of the sheet because there is negligible curvature of the cross-section. Engineering shear strains perpendicular and parallel to the tool direction in the through-thickness plane of the sheet have been calculated from the tangents of the angle of rotation of initially perpendicular gridlines in the 1,3 plane ( 13 ) and 2,3 plane ( 23 ) (Eqs. (3) and (4), respectively). Due to a measurable variation in shear strains through the thickness of the sheet, both components of shear strain were calculated along the r-direction at two layers through the thickness: between the lower and middle surfaces; and between the middle and upper surfaces. In order to reduce experimental error, shear strain 13 was plotted as the average of the shear in each corner of each grid element.
The final quantity that has been calculated is the variation in thickness across the cross-section. Three values of thickness have been plotted against r: the average original thickness; the thickness that was measured after deformation with vernier callipers; and the thickness predicted from the sine law. The sine law used the average wall angle of the lower, middle and upper surfaces at each r-position because the variation in the wall angle of the sheet through its thickness was negligible. The average original thickness has been used to represent the original thickness across the entire cross-section 
Experimental error
It is important to give careful consideration to experimental error in the present experiments because small errors in displacement measured on a small grid can equate to large errors in strains. Similarly, small errors in measured displacement on a plate with a shallow wall angle can equate to large errors in the sine law prediction of wall thickness. Three possible sources of experimental error have been identified: (1) measurement error; (2) possible changes in the mechanical properties of the sheet material across the brazed joint causing a change in the deformation mechanics; and (3) possible cracking of the brazed joint causing the cross-section not to distort in the same way as the rest of the sheet. The magnitudes of each of these errors and the resulting errors of calculations of strains are evaluated below. The first source of error, measurement error, has been assessed for the OMICRON CMM by repeatedly measuring the same point six times and finding the range of positions recorded. The absolute errors in the r, z and Â directions which were obtained by these tests are summarised in Table 1 .
The second possible source of experimental error is difference in the deformation of the brazed joint in comparison to the bulk material as a result of changes in mechanical properties across the joint. It is possible that the hard silver solder used for brazing may be harder or softer than the copper plate, and therefore that it may deform differently to the rest of the material. Because the deformation is mainly plastic, a simple hardness test will give a first insight into the variation in mechanical properties across the joint. Microhardness measurements using a Shimadzu machine showed that the hardness of the filler was 90 Hv whilst that of the copper plate was approximately 73.8 Hv. The effect of this variation in hardness on the deformation mechanics is difficult to predict accurately. However, because the filler band is narrow (∼120 m) and because the difference in hardness is relatively small (∼22%), it shall be assumed that any variation in the deformation mechanics resulting from the increased hardness of the filler band is negligible.
The third possible source of experimental error is cracking of the brazed joint causing the joint to deform dissimilarly to the host material. Cracking could result from three factors: (1) porosity in the joint providing stress concentrations from which cracks can nucleate; (2) shrinkage of the filler material at the surface of the joint due to thermal contraction, causing stress concentrations from which cracks can nucleate; and (3) the filler material having lower ductility than the host material and therefore failing before the copper plate in plastic deformation. The extent of cracking in TPIF has been measured by taking a micrograph of a cross-section in the most severely deformed region of the plate (close to the base of the cone) (Fig. 7) . This shows that a crack has propagated from the formed surface along the joint or through the host material close to the joint. The crack opened up to approximately 0.2 mm at the tool-contacted surface. More severe cracking of up to approximately 0.8 mm was observed in SPIF, measured with vernier callipers before the plates were separated. No cracking was observed in pressing.
In order to find the error in the calculations of strains from the measurement error and cracking reported above, the following assumptions have been made:
• The total position error in each of the r, z and Â directions is the sum of errors from measurement and cracking.
• The measurement error for each of r, z and Â is the same at any position on each plate.
• The position error resulting from cracking affects the measurements of Â only, and this error is greatest at the tool-contacted surface, half of this value at the middle surface and zero at the surface not contacted by the tool. This is based on the observation that the tool-contact surface opened up the widest, whilst the surface not contacted by the tool did not open up at all.
• The position error of Â along each gridline due to cracking is proportional to the strain 23 . This is based on the observation that the crack opened up the most where the shear 23 was greatest and did not open up at all in the sections with no shear.
• The maximum position error of Â due to cracking (which is on the tool-contacted surface at the point with maximum 23 ) is ±0.4 mm for SPIF, ±0.1 mm for TPIF and 0 mm for pressing.
Following from the above assumptions, the absolute values of error in each dimension r, z and Â (Err r , Err z and Err Â , respectively) are summarised in Table 2 .
The absolute errors of r, Â and z in Table 2 can be used to calculate the absolute errors of the strains and the sine law prediction of wall thickness by partial differentiation of the strain equations with respect to these values (Kirkup, 1994) . This is shown for a general function X(x 1 , x 2 , . . ., x i ) in Eq. (5). The absolute error in X, X, was found by the sum of the magnitudes of the partial differentials of X with respect to each of the variables x 1 , x 2 , . . ., x i , multiplied by the absolute errors of each of these variables: x 1 , x 2 , . . ., x 3 .
For X = X(x 1 , x 2 , . . . , x i ),
Solution of the above partial differentiation gives the error of the strain calculation for ε 11 , Err ε 11 , in Eq. (6) and the error of the strain 13 , Err 13 , in Eq. (7). The error of strain 23 , Err 23 , is given in two equations: Eq. (8) for the lower-to-middle layer of the grid and Eq. (9) for the middle-to-upper layer of the grid. This is because the error of the Â measurements is different for the two layers as a result of cracking. The error in the sine law thickness t 1 , Err t 1 , is given in Eq. (9). In each equation, the suffixes a, b, and c refer to the three points a, b and c subtending the corner of a grid element as shown in Fig. 6 . Hence, r a , r b and r c are the r co-ordinates, z a , z b and z c are the z co-ordinates and Â a , Â b and Â c are the Â co-ordinates of the three points. The term r ac is the distance in the r-direction from point a to point c, whilst z ac is the distance in the z-direction, etc.
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Results and observations
Photographs of half of the cross-sections of each of the formed sheets, from the middle of the plate (left) to the outer edge (right), are shown in Fig. 8 . An arrow indicates the direction of successive laps on the plates formed by SPIF and TPIF, which is positioned along the surface that the tool made contact with. Measurements of these cross-sections are shown in the (r,z), (r,Â) and (Â,z) planes for SPIF (Fig. 9a-c) , TPIF (Fig. 10a-c) and pressing ( Fig. 11a-c) . The z and r axes are shown to equal scales but the Â axis has been expanded for clarity. The surfaces of the sheets that contacted the tool in ISF (upper surface in TPIF and lower surface in SPIF) are highlighted in each plane. In each of Figs. 9-11, direct strains ε 11 versus r are shown in (d), shear strains 13 versus r are shown in (e), shear strains 23 versus r are shown in (f), and thickness versus r, measured and predicted by the sine law, are shown in (g). Error bars have been drawn on the plots of strains and the sine law wall thickness according to the calculations described in Section 3.5. However, error bars are omitted on the plots of displacement and measured wall thickness because they are negligible on the scale of these axes. A comparison of the lengths of the error bars to the magnitude of strain measurements on the plots for SPIF, TPIF and pressing shows that everywhere the experimental error is sufficiently low for trends in strains to be observed across the cross-sections and for the calculated strains to accurately represent the deformation of the sheet. The component of strain with the highest relative error is shear 23 , which reaches a maximum of 50% for the middle-to-upper surface layer of the plate formed by SPIF. For this strain component, cracking made the most significant contribution to the error. Otherwise the relative errors are small for ε 11 and 13 because these resulted from the measurement error of the CMM only.
The measurements show that the deformation mechanism of the copper plate formed into a truncated cone is a combination of bending, stretching and shear for both SPIF and TPIF, whilst the deformation of the pressed plate is purely stretching and bending. Overall, the greatest strain component for both ISF processes is shear in the tool direction ( 23 ), whilst perpendicular to the tool direction both stretching (ε 11 ) and shear ( 13 ) are of similar magnitudes. These observations are described in more detail below.
The amount of stretching (ε 11 ) is different for each process and varies across the cross-sections. For SPIF, ε 11 increases with decreasing r in the direction of progressive tool laps (Fig. 9d) . For TPIF, it is not possible to determine a clear trend in ε 11 (Fig. 10d) . However, ε 11 is positive across the crosssection and on average lower than for SPIF. ε 11 is everywhere approximately zero across the pressed plate (Fig. 11d) . This is because material is drawn in under the blank holder to minimise stretching in pressing, whereas localised stretching occurs under the indenter in both ISF processes because draw-in of material from the sides is prevented by the rigid clamping.
Shear in the (1,3) plane ( 13 ) occurs in both SPIF and TPIF as the tool-contacted surface is pushed in the direction of successive laps; towards the centre of the sheet in SPIF (Fig. 9e) and towards the outside of the sheet in TPIF (Fig. 10e) . For SPIF, two clear trends are evident: 13 increases with successive laps; and 13 increases towards the tool-contacted surface through the thickness of the sheet. For TPIF, although it is not possible to determine trends in 13 with any certainty from Fig. 10e , it can be judged from the photograph in Fig. 8b that   13 follows the same qualitative trends as SPIF in the throughthickness and radial directions. For SPIF, these trends in 13 result in an upwards bulge at the centre of the plate where the thickness is greater than the original thickness (Fig. 9g) . A thickness greater than the original thickness is also observed at the outside lap for TPIF (Fig. 10g) , but is less significant than for SPIF because the strains are smaller and the displaced material is accommodated over a wider circumference. This effect has never previously been reported in ISF, and may be because the thickness of the plate used in the present experiments (3.1-3.3 mm) is thicker than plates typically used in ISF experiments (approximately 1-1.5 mm).
Shear in the (2,3) plane ( 23 ) can be directly attributed to the movement of the tool over the workpiece in the ISF experiments as the sheet is dragged in the tool direction. Shear 23 is the largest strain component for both SPIF and TPIF (Figs. 9f and 10f ), but does not occur in pressing (Fig. 11f) . Shear 23 has three qualitative similarities with 13 for both SPIF and TPIF: it increases on successive laps; there is a variation through the thickness such that the shear is greatest at the tool-contacted surface of the sheet; and it is greater for SPIF than TPIF.
Summary of findings
Overall, three significant results can be drawn from the above observations for the C101 plate formed to a truncated cone:
(1) in both SPIF and TPIF the deformation is a combination of stretching and shear that increases on successive laps, with the greatest strain component being shear in the tool direction; (2) shear occurs perpendicular to the tool direction in both SPIF and TPIF, which is more significant in SPIF resulting in a piling up of the material at the centre of the plate; (3) the deformation mechanism is inherently different for SPIF and TPIF, and therefore the two processes should be distinguished in future discussions of their deformation mechanics.
Discussion
From the observations of deformation mechanics in SPIF and TPIF reported above, five points for discussion have been raised. Firstly, the measured deformation mechanisms of SPIF and TPIF will be compared to the idealised mechanism of pure shear previously measured for shear spinning by Kalpakcioglu (1961) . Secondly, the accuracy of the sine law for prediction of wall thickness will be evaluated by comparing the wall thickness to deformation mechanics in addition to previous published results. Thirdly, the trends observed in strains for SPIF and TPIF will be discussed and possible reasons for the observed trends will be suggested. Fourthly, the transferability of the results of the experiments to other ISF processes will be evaluated. The discussion will end with some suggestions for future research.
Comparison of mechanisms of SPIF and TPIF to the idealised mechanism
The results show that the deformation mechanisms of both SPIF and TPIF are significantly different to the idealised mechanism of shear spinning illustrated in Fig. 1 . As was described in Section 2, this idealised mechanism was derived by Kalpakcioglu (1961) by simplification of experimental measurements of deformation in shear spinning. Although it is not surprising that the deformation mechanism is different for SPIF because the support of the workpiece is different, it is more surprising for TPIF because the support of the workpiece is almost equivalent to shear spinning, but in a rotating frame of reference. There are two principal differences between the TPIF mechanism ( Fig. 10) and the idealised pure shear mechanism: (1) through-thickness gridlines that remain axial in the idealised mechanism do not remain axial in TPIF and (2) circumferential shear occurs in TPIF whilst the idealised mechanism has plane strain. Two possible reasons are suggested for why the first of these differences might occur. Firstly, the formed plate used in Kalpakcioglu's original paper from which the idealised mechanism was derived was 12.7 mm thick, whereas those used in these experiments were 3.2 mm thick. The deformation was approximated by Kalpakcioglu such that through-thickness gridlines remained axial because the distorted region next to the mandrel surface was a small portion of the overall thickness. However, this distance is significant in comparison to the thickness of the sheets used in this experiment, and therefore this approximation may not be valid for thinner sheets. Secondly, the vertex between the inclined wall and the central face of the support tool used in the present experiment was rounded to a radius of 10 mm, whereas a vertex that was not rounded was used in the original work by Kalpakcioglu. Bending and stretching as opposed to shear may be more likely to occur as the tool pushes the sheet over a rounded corner. This is likely to be promoted by the positive die that was continually pushing into the sheet and therefore stretching it in TPIF. The second principal difference, that circumferential flow was measured for TPIF but not for the idealised mechanism of shear spinning, is actually consistent with Kalpakcioglu's original measurements.
The accuracy of the sine law prediction of thickness
Figs. 9g and 10g show that there is a continual variation in measured wall thickness across the profiles formed by SPIF and TPIF and that the sine law prediction is generally lower than the measured thickness. For the first time, the accuracy of the sine law and the variation in the measured wall thickness can be explained by referring to the measured deformation mechanics. The variation in wall thickness measured and predicted in the present experiments is also compared to the previous results of Young and Jeswiet (2004) and Ambrogio et al. (2005) to highlight some interesting discrepancies.
For both SPIF and TPIF of the C101 plate formed in the present experiments, the error between the sine law prediction and measured thickness results from a variation in strains across the cross-sections that causes radial displacement of material. The sine law can only apply when on average there is no radial displacement of any through-thickness element of material. For SPIF, the measured thickness decreases in the direction of successive laps across the formed region whilst the sine law prediction remains approximately constant because the wall angle is uniform (Fig. 9g) . The decreasing measured wall thickness is a result of increasing shear, 13 , and stretching, ε 11 , causing material to be pushed towards the centre of the cone. Similar to SPIF, the measured wall thickness in TPIF decreases in the direction of successive laps (Fig. 10g) . This is also likely to be a result of increasing ε 11 and 13 , although the trends cannot be clearly identified from these measurements. Unlike SPIF, the sine law prediction of thickness in TPIF is not constant but increases in the direction of successive laps. This is because the wall angle decreases due to the release of elastic stresses on removal of the support tool, and hence the error in the sine law is greater for TPIF than SPIF. The maximum error is approximately 0.2 mm (6%) for SPIF and 0.6 mm (18%) for TPIF.
Two interesting discrepancies have been identified between the present results for the accuracy of the sine law in SPIF and the previous works of Young and Jeswiet (2004) and Ambrogio et al. (2005) . Young and Jeswiet (2004) showed that, for a cone of 30 • wall angle formed in 1.21 mm thick Al 3003-O, the wall thickness continually decreases over the first 20 mm of the radial direction and then stabilises to a constant value that is slightly less than the sine law prediction for the remainder of the cross-section. For a steeper cone in the same material of 70 • wall angle, the wall thickness decreases to a minimum at approximately 20 mm from the perimeter of the product, then increases to a constant value across the rest of the profile. Similarly Ambrogio et al. (2005) found that, for truncated pyramids of 50 • and 55 • formed by SPIF in 1 mm AA1050-O, the wall thickness decreased continually for up to approximately 15 mm in the radial direction, and then stabilised to a constant value. The two discrepancies of these previous results to the present SPIF experiment are as follows: (1) the measured wall thickness decreases continually across the entire cross-section in the present work whereas it stabilised to a constant value in the previous experiments and (2) the measured wall thickness in the present work does not pass through a minimum.
The first of the above discrepancies suggests that, whilst the measurements of deformation in the present experiments have shown that strains ε 11 and 13 are continually increasing across the cross-section of the SPIF plate, the strains may be constant across the steady-state region of the plates investigated by Ambrogio et al. (2005) and Young and Jeswiet (2004) . Further research is required to verify whether the strains did reach a constant value in the previous experiments, and if so why not also in the present experiments. This may be because the plate was thicker in the present experiments (3.1-3.3 mm) than the previous experiments (1 mm or 1.21 mm), or because a different material was used (C101 versus Al 3003-O or AA1050-O). However, it cannot be because the wall angle of the present experiments was a shallow 30 • ; Young and Jeswiet (2004) found that the wall thickness stabilised for an aluminium cone of the same wall angle.
The second discrepancy between the wall thickness distribution in the present experiments to that of the previous experiments that a thinning band was not observed for the present SPIF experiment whilst one was observed at approximately 20 mm from the perimeter for the 70 • cone formed by Young and Jeswiet (2004) . Young and Jeswiet (2004) suggested that the thinning band for steep cones coincided with necking as the material was stretched close to its limits. Hence it is likely that the thinning band was avoided in the present experiments because the shallow 30 • angle was not sufficient for necking to occur.
Overall, the above discussion of the accuracy of the sine law for prediction of wall thickness and comparisons to previous experiments provide three key observations: (1) the sine law prediction of wall thickness is not equal to the actual wall thickness in SPIF or TPIF because, unlike shear spinning, the deformation mechanics allows for radial displacement of material; (2) the distribution of wall thickness, and hence the accuracy of the sine law, is likely to depend on the sheet thickness; and (3) the deformation mechanism which was measured for the copper plate is not representative of all SPIF processes because a thinning band, which has sometimes previously been measured, did not occur.
Discussion of trends in strains
The observations of the trends in strains throughout SPIF and TPIF raise two further interesting questions that have not yet been answered: (1) 'Why should the strains not be constant throughout the process despite a uniform tool path?' and (2) 'Why does shear occur perpendicular to the tool direction (Figs. 9e and 10e)?' To complete the discussion of the deformation mechanics of ISF, these two questions will be discussed below.
It is suggested that the reason why the strains are not constant throughout the process despite a uniform tool path is due to an evolution of the contact area as the forming progresses. This is based on experimental observations; as the process progresses, the deformation seems to transform from a widely distributed deformation across the sheet to a highly localised deformation under the contact area of the tool. The reason for this may be because as the sheet becomes more three-dimensional it is more rigid and hence resists widely spread deformation, restricting the deforming area to around the contact area of the tool. The transition from a widely distributed to a highly localised deformation is likely to cause the vertical tool force to increase because, for a given penetration depth, the strains and hence stresses will be higher in a localised area than when widely distributed. This trend has been previously observed in investigations of tool force in SPIF by Duflou et al. (2007) and in TPIF by Jeswiet et al. (2005a) on 1.2 mm Al3003-O. The higher vertical tool force combined with a likely increase in the contact area will increase the friction under the tool, and therefore the shear parallel to the tool direction, 23 , increases. Direct strain, ε 11 , also increases as the indenter penetrates further into the local area under the tool. The stabilisation of tool forces to a steady-state value as was observed previous experiments by Duflou et al. (2007) and Jeswiet et al. (2005a) could correspond to the deformation becoming highly localised.
An alternative explanation for the progressively increasing strains could have been the accumulation of strains caused by the overlapping contact area of the tool on successive passes. However, any transition region as a result of overlapping passes would be expected to be approximately the size of the contact area of the tool, which must be less than the tool radius of 7.5 mm. It is evident that the strains increase over most of the formed region of the sheet (approximately 30 mm) in SPIF and TPIF, and therefore the overlapping tool passes cannot be the explanation. However, shear strain parallel to the tool direction, 23 , shows a sharp drop-off from the maximum value to approximately zero over the final approximately 10 mm of the formed region for both SPIF and TPIF. This transition region approximately corresponds to the size of the contact region of the tool, and hence the drop-off in shear is likely to be a result of the material not having sustained as many passes as the rest of the formed region.
Shear perpendicular to the tool direction, 13 , cannot be explained directly by friction due to the direction of the tool path. Two alternative explanations are proposed: (1) rotation of the tool and (2) the tool pushing material downwards as it moves in descending contours over the inclined wall. The tool was designed to rotate freely on low friction bearings in order to minimise surface damage, tool wear and horizontal force by minimising sliding friction. Across most of the formed region in SPIF, 13 is negative which shows that the upper surface of the sheet is pushed more towards the centre of the cone than the lower surface (Fig. 9e) . If 13 occurs as a result of rotation of the tool, this would suggest that 13 is accumulated in the wake of the tool path; an anti-clockwise tool path would cause clockwise rotation of the tool, which could only push material towards the centre of the plate under the trailing hemisphere of the tool, rather than the leading hemisphere. However, it is expected that the pressure would be higher under the leading hemisphere of the tool rather than the trailing hemisphere, and therefore rotation of the tool is unlikely to be the full explanation for shear perpendicular to the tool direction. Alternatively, shear 13 may be due to the indenter pushing material downwards as it pushes against the inclined surface of the metal sheet. The cause of shear 13 could be investigated in future by locking off the rotation of the indenter, so the effect of rotation of the tool is eliminated.
The significance of the above observations of the deformation mechanics of ISF is threefold. Firstly, the strains sustained by any given element of material in SPIF or TPIF are not the same at any position, and hence FE modelling must involve a simulation of the full tool path to predict the final strain on any element. Secondly, the high value of transverse shear that varies through the thickness of the sheet suggests that the use of shell elements may be limited in modelling strains in FE simulations of ISF. Higher order continuum elements with several elements through the thickness may be required. Thirdly, if forming limits are increased by through-thickness shear as Allwood et al. (2007) have suggested they may be, then the forming limits may increase as the process progresses as a result of increasing shear. By the same principle, forming limits may be higher for SPIF than TPIF.
Transferability of the results to other ISF processes
The objective of this section is to provide an evaluation of the transferability of the results of the present experiments to other more typical ISF experiments. This is important because the material, sheet thickness and geometry used in this experiment are not typical of those widely used in ISF research. Copper, used in this experiment because it can be brazed, is not common in ISF due to its cost. High ductility steels or annealed aluminium alloys are more commonly used. The 3.1-3.3 mm thick plates, used to allow a longitudinal gridline to be machined along the cross-section, were thicker than the 1.0-1.5 mm sheets typically used in ISF. The wall angle used in the present experiment was a shallow 30 • to avoid failure of the brazed joint, whilst steeper wall angles of 40 • to 60 • are more typical of ISF experiments. The transferability of the results of the present experiments to other more typical ISF experiments will be evaluated by summarising the main similarities and differences to previous works in terms of deformation, strains and wall thickness variation. Reasons will be suggested for the differences in terms of the material properties, sheet thickness and geometry. The material properties of the heat-treated C101 used in the present experiments and aluminium alloys used in previous experiments are summarised in Table 3 . The properties of the heat-treated C101 were obtained from the tensile test shown in Fig. 2 , whilst all other properties were obtained from Smithells Metal Reference Book (Brandes and Brook, 1999) . The main similarities of the results to previous experiments are summarised as follows:
• Stretching (ε 11 ) observed in the plane perpendicular to the tool direction across the copper plates in SPIF and TPIF was similarly observed in FE simulations of TPIF of 0.9 mm Al5050-O by Sawada et al. (1999) and SPIF of a 47 • 1.5 mm thickness Al99.5 pyramid by Bambach et al. (2003) . Similar was found by experimental measurements of the relative movement of surfaces of 1 mm aluminium 5251-H22 formed to 45 • by SPIF by Allwood et al. (2007) . This suggests that stretching perpendicular to the tool direction may be a feature of the deformation mechanics that always occurs irrespective of the material, thickness or wall angle.
• Shear parallel to the tool direction ( 23 ) was found to increase along the cross-section in the copper plates. Similar was found to occur in an experimental investigation of the relative movement of the surfaces of plates formed by SPIF of 1 mm aluminium 5251-H22 formed to 45 • by Allwood et al. (2007) . This suggests that the result of increasing shear 23 may be broadly transferable to more typical ISF processes.
• The wall thickness was found to be initially greater than the sine law thickness then reduced to less than the sine law thickness across the formed region of the copper plates. Similar was observed in a study of 1 mm Al 1050-O formed by SPIF to an angle of 55 • by Ambrogio et al. (2005) and for 1.2 mm Al 3003-O formed to an angle of 30 • by Young and Jeswiet (2004) . This suggests that thinning beyond the sine law prediction as a result of material being pushed towards the centre of the geometry may occur in ISF irrespective of wall angle, thickness or material. Furthermore, the reduction in wall thickness is likely to be a result of evolution of the strains as the deformation becomes more localised. Hence, localisation of the deformation, which may explain the increasing strains in the present experiments, may be broadly transferable to other ISF processes. The main differences of the results to previous experiments and possible reasons for these differences are summarised as follows:
• Wall thickness followed a decreasing trend over the first 20 mm followed by levelling-off to a steady-state value in a previous experiment by Young and Jeswiet (2004) for a 30 • cone of 1.2 mm Al3003-O, whereas the wall thickness continually decreased and did not level-off in the present experiments. Although strains are likely to increase in both experiments as a result of localisation of the deformation, it is likely that the number of laps over which the deformation localises is higher in the present experiments both as a result of the thicker sheet used and possibly the higher rate of work hardening of the copper. Hence, it is likely that the continual increase in strain observed in the present experiments would not transfer to thinner aluminium sheets, which may have uniform strains across most of the crosssections.
• Young and Jeswiet (2004) previously showed that a thinning band occurred close to the perimeter of 1.21 mm Al 3003-O sheet formed by SPIF to a truncated cone of angle 70 • . The thinning band was not observed in the present experiments, possibly because the plate was thicker, the material was C101 instead of aluminium, the wall angle of 30 • was shallower or because a backing plate was used to support the perimeter. Hence the deformation measured close to the perimeter of the formed geometries may not be representative of alternative ISF processes similar to the one described by Young and Jeswiet (2004) .
• In a numerical simulation of SPIF of a 0.9 mm Al99.5 plate formed to an angle of 47 • by Bambach et al. (2003) , the shear strain perpendicular to the tool direction ( 13 ) was predicted to occur in the opposite sense to the shear strain measured in SPIF of the copper plates. This may be a result of the different wall angle, sheet thickness or material used in the simulation. Hence the results for shear perpendicular to the tool direction measured for the copper plates may not be broadly transferable to other ISF processes.
• It is likely that tool forces will be higher in the present experiments than in previous experiments carried out on annealed aluminium sheets due to the higher thickness and the higher ultimate tensile strength of the copper. Hence, it is likely that shear parallel to the tool direction as a result of friction between the tool and workpiece will be higher for the present experiment than for previous more typical ISF experiments.
Consideration of all of the above factors shows that the unusual choice of material, sheet thickness and wall angle used in the present experiments is likely to have resulted in strains that have some differences to more typical ISF experiments. However, some similarities are likely to have occurred, and hence some aspects of the results may be transferable to these more typical processes. Specifically, it is likely that through-thickness shear would have been greater for the copper plate than thinner sheets, whilst it is likely that a similar evolution in strains on successive laps occurred in the present experiments to past experiments on thinner sheets.
Future work
Three suggestions for future work can be raised from the above discussion. Although the measurements of the copper plates were insightful as the first experimental measurements of deformation in ISF, the results are known to apply only for the material and process conditions that were used in these experiments. The first suggestion for future work is therefore to investigate the deformation mechanics under a wider range of process variables such as tool diameter, tool speed, lubrication, vertical pitch, wall angle, sheet material and sheet thickness. The second suggestion for future research is to carry out an investigation of the evolution of deformation and tool forces during the process, and hence to determine why the strains follow an increasing trend. It was suggested in Section 5.3 that the increasing trend in strains measured in the copper plates may be a result of the progressive localisation of the deformation as the sheet becomes more rigid as it is formed, and that a similar transition may have occurred over a shorter distance in previously published studies of wall thickness variation and tool forces. It is therefore suggested that the evolution of deformation during the process could be measured for a range of materials and geometries using a stereovision camera throughout the process. The third suggestion for future work on the deformation mechanics is an experimental investigation of the influence of through-thickness shear on forming limits. Allwood et al. (2007) have recently proposed a model based on a modified Marciniak-Kuczyński analysis incorporating shear which predicted that through-thickness shear can increase the forming limits in comparison to pure stretching. This could account for the increased forming limits of ISF in comparison to pressing. Future experiments could verify this theoretically predicted trend, as well as show which process design factors (such as tool radius, vertical pitch, lubrication, etc.) may be effective for increasing the through-thickness shear and therefore forming limits in ISF by increasing friction. Hence, in future it is possible that the degree of shear in ISF could be influenced through careful process design in order to achieve the forming limits required by the product design.
Conclusions
The first experimental measurements of the deformation mechanism of SPIF and TPIF through the sheet thickness have been carried out for a truncated cone of wall angle of 30 • formed in an annealed copper plate. A comparison has been made to pressing. For this experiment the following conclusions can be made:
• The deformation mechanisms of both SPIF and TPIF are increasing stretching and shear in the radial-axial plane (perpendicular to tool direction) and shear in the tool direction.
• Shear in the tool direction, which is likely to be a result of friction between the tool and workpiece, is the most significant strain component.
• Increasing stretching and shear perpendicular to the tool direction account for differences between the sine law and measured wall thickness for SPIF and TPIF.
• Shear both parallel and perpendicular to the tool direction is the main distinction between the deformation mechanisms of SPIF or TPIF and pressing.
